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Abstract--Solutions of the convection-diffusion equation with decay are obtained for periodic 
boundary conditions on a semi-infinite domain. The boundary conditions take the form of a periodic 
concentration r a periodic flux, and a transformation is obtained that relates the solutions of the 
two, pure boundary value problems. Solution representations, which do not seem to appear in the 
literature, are obtained. Explicit, simple forms are derived when the boundary condition consists of 
a single harmonic, and it is determined how the phase shift depends upon the diffusion, convection, 
and decay factors, as well as frequency. 
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1. INTRODUCTION 
The solution of the one-dimensional diffusion or heat transfer equation is one of the oldest and 
most classic problems in the theory of parabolic partial differential equations. Numerous tech- 
niques have been developed, and many closed-form solutions have been obtained on both finite 
and infinite domains ubject to a variety of boundary and initial conditions. The methods and 
solutions axe well-catalogued in [1]. 
Recently there has been considerable interest in finding analytic and numerical solutions when 
transport effects are included along with diffusion. This is particularly the case in hydrogeology 
where, for example, the spread of contaminants in aquifer systems is governed by both of these 
physical processes. The inclusion of transport effects introduces first order spatial derivatives in 
the diffusion equation and its parabolic nature changes over to a hyperbolic-like structure which 
can introduce wave-like features that are difficult to handle numerically. For example, spec- 
tral analysis indicates that finite difference methods treat different harmonics differently, and 
this aspect can create difficulties in the numerical solution of the convection-diffusion equation 
(CDE), even for simple geometries, initial data, and boundary conditions. Therefore, analytic 
solutions of the CDE are highly sought, not only for their intrinsic value, but as a practical verifi- 
cation of numerical algorithms. As a result, many authors have derived different solutions of the 
one-dimensional CDE. A comprehensive list of references and a compendium of one-dimensional 
solutions in homogeneous, finite, and infinite domains has been given in [2], where solutions are 
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compiled for cases when the boundary conditions are constant, piecewise constant, or exponen- 
tially decaying, and the initial conditions are constant or exponentially decaying (see also [3,4]). 
In hydrogeology, which has provided much of the impetus, numerous publications on subsurface 
mass transport have covered various physical aspects of the CDE. 
This paper was motivated by a class of natural systems in which the input at a boundary 
is a continuous, periodic function of time. For example, the loading of mass, e.g., naturally 
occurring isotopes, into an aquifer from a flow-through lake can be dependent upon natural, 
cyclic, water-quality variations; the same mass loading can be present in human-made systems 
involving liquid waste disposal operating on a periodic cycle (a similar mathematical problem 
with periodic boundary conditions, but without convection, occurs in the classic Fourier-Poisson- 
Kelvin problem, stated below, which arises in the study of fluctuations in the temperature of the 
earth's crust caused by periodic heating of the surface by the sun). Elementary analytic solutions 
of the CDE involving a single modal, or harmonic, input have been obtained in [5-8]. 
In this article, we present an analysis of the CDE with general periodic boundary conditions, 
and we derive formulas that represent analytical, closed-form solutions. Decay is also included. 
Some of the formulae do not appear explicitly in the literature, although the methods to obtain 
them axe classical and straightforward. The main result catalogs a formula that relates olutions 
of the CDE with first- and third-type periodic boundary conditions. The main physical result is 
the observation that the convection term introduces a phase shift in the wave that depends on 
distance from the boundary as well as on the diffusion constant, the transport velocity, the decay 
constant, and the frequency. 
2. FORMULAT ION AND TRANSFORMATION 
We now give a quantitative formulation of the equations involved. For later reference, we write 
down the classic Fourier-Poisson-Kelvin problem for the diffusion equation without convection: 
ut = Duxx, x > O, t E R, (2.1) 
u(O, t) = F(t) ,  t e R, (2.2) 
where F is a given T-periodic function, i.e., F( t  +T)  = F(t )  for all t E R, where T is the constant 
period, and D > 0 is the diffusion coefficient. When convection and decay are present, the partial 
differential equation is 
ct = Dcxx - ucx - Ac, x > O, t e l~. (2.3) 
In (2.3), c = c(x,t )  is the dependent function, representing a concentration. Equation (2.3) 
models the transport, dispersion, and decay of a chemical solute (a tracer) with concentration 
c moving through a porous medium (an aquifer); u is the average velocity (the drift velocity 
through the porous medium of the water in which the chemical tracer is dissolved), and D and 
are positive constants that represent the magnitude of the dispersion and decay, respectively 
(see [9], for example, for a derivation). 
We study (2.3) subject o a boundary condition of the first kind, 
c(O,t) = f ( t ) ,  t e R, 
or a flux condition (boundary condition of the third kind) of the form 
(2.4) 
-Dcx(O,  t) + vc(O, t) = v f ( t ) ,  t e R, (2.5) 
where f is a given T-periodic function, which is always assumed to be continuous and bounded. 
For reference, we define two boundary value problems: 
(B VP1) consists of (2.3) with the boundary condition (2.4), 
(BVP2)  consists of (2.3) with the boundary condition (2.5). 
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If boundedness at infinity is included as an assumption, then both BVP1 and BVP2 are well-posed 
problems. 
First, we observe that there is a standard transformation, amely 
c=uexp - A+ t , (2.6) 
that converts (2.3) into (2.1); however, this transformation does not preserve periodicity of the 
boundary conditions. No initial conditions are imposed; rather, the boundary conditions are 
assumed to have been applied for all time. 
The first observation is that BVP2 can be transformed into BVP1; so we really need only 
consider BVP1. This fact is known for the diffusion equation (see [1, pp. 70-74]), but it holds 
for the convection-diffusion equation with decay as well, and the periodicity of the boundary 
conditions is preserved. Formally, we have: 
PROPOSITION 1. Let cl(x,t) be the solution to BVP1. Then the solution c2(x,t) to BVP2 is 
given by 
c2(x, t) = -~ e vx/D cl(y, t) e -vy/D dy. (2.7) 
*]X 
To demonstrate this result, which appears to be unknown by other authors, we differentiate 
(2.7) with respect o x to obtain 
-Dc2x(x, t) +/1c2(x, t) =/1cl(x, t). (2.8) 
Thus c2 satisfies the appropriate boundary condition at x = 0. To show that c2 satisfies the PDE 
is straightforward. We outline the sequence of steps. Differentiating (2.8) with respect o x yields 
/1 /12 /12 
C2xx --- - - -~  Clx -- -~  Cl Jr --~ C2. (2.9) 
This gives, using (2.8), 
Dc2xx -vc2x = - /1C lx .  
Then 
~xx °° C2 t .~_ AC 2 = /1 ux /D  (Clt + Acl) e -vy/D dy D e 
V 
[°°(Dclvy -vc ly )  e -vy/D dy -VClx = Dc2xx vc2x. 
n Jx  
(2.10) 
(2.11) 
(To obtain the next to the last equality, the first term in the integrand was integrand by 
parts). Thus the proposition is proved, and the solutions to BVP1 and BVP2 are connected by 
the integral equation (2.7) or the differential equation (2.8). Alternatively, one can solve the first 
order differential equation (2.8) directly, using the boundedness of solutions, to obtain (2.7). 
3. INTEGRAL REPRESENTATION 
An integral representation f the solution to BVP1 can be obtained in a straightforward manner 
using Green's functions. As a vehicle, we consider the initial boundary value problem IBVP1 
defined by 
ct = Dcxx -/1cx - Ac, x > 0, t > to, 
c(0, t) = f(t),  t > to, 
c(x, to) = g(x) ,  z > o, 
(3.1) 
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where to is some fixed time, and f and g are bounded, continuous functions (not necessarily 
periodic). Then, under the transformation (2.6) the IBVP1 transforms into IBVP2 defined by 
ut = Du,z, x > O, t > to, 
u(O,t) = F(t), t > to, 
u(x, to) = G(x,  to), x > o, (3.27 
where 
F(t) = f(t)  e (A+v2/4D)t, V(x, to) = g(x) e -vx/2D+(A+v2/4D)t° . (3.3) 
The solution to IBVP2 for the diffusion equation is well-known (see [1]) and is given by 
/? u(x,t) = (k (x -y ,  D( t - to ) ) -k (x+y,  D( t - to ) ) )  a(y, to)dy 
f2 - 2D k (x, D( t  - ,-)) F(T) (3.4) 
where k(x,t) is the diffusion kernel and kx(x,t) is its x-derivative: 
e -x2/4t -x  k(x, t). k(x,t) = yr4~ , k~(x,t) = -~ 
Thus, the solution to IBVP1 is given by 
(/o c(x, t) = e vx/2D-(~+v2/4D)t (k(x - y, D(t - to)) - k(x + y, D(t - to))) 
e-~y/2D+(~+~2/4D)t°g(y)dy - 2D f k.(x,  D( t -  T))e (A+~2/aD)r f(~')dr~. × 
Jto / 
(3.5) 
Now, for large t, that is for large t - to, the effect of the initial condition becomes negligible and 
the first integral in (3.5) becomes vanishingly small, leaving on the second integral. Therefore, 
we fix t in (3.5) and take the limit as to --* -oo. Because g is bounded, it is straightforward to
see that the first integral in (3.5) vanishes as to --* -cx~, and we obtain in the limit 
c(x , t )  2D e vx/2D-(~+u~/4D)t fit kx(X, D(t - -r)) e (A+v2/4D)r f('r) dT. (3.6) 
Equation (3.6) should be asymptotically correct as t gets large, but, in fact, it is not difficult to 
show that (3.6) is a solution of BVP1 for all t E R. We may put (3.6) into a simpler form by 
transforming the integral using the change of variables 
z 
" = x/4D(t - v)' 
to obtain 
fO °° (A+Y2/4D)x2 ( X 2 ) 2 evx/2D 4Dr/2 c(x , t )=-~ e -"2- f t 4~ 2 d~. (3.7) 
In summary, we have the following proposition. 
PROPOSITION 2. Let f be a bounded, continuous [unction on R. Then the solution to BVP1 is 
given by (3.7). If f is T-periodic, then so is c(x, t). 
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We leave verification of the fact that c(x, t) satisfies the partial differential equation and bound- 
ary condition to the reader (see [10] for a similar argument). The fact that it is periodic follows 
easily. 
Using Proposition 1 and 2, we may now state the following proposition. 
PROPOSITION 3. The solution of BVP2 is 
2tJ u_/Dflfx°°~O°° _rl2_(A+v214D)y2 v---.Y- ( y2 ) 
c(x, t) = --v/~D e ~/ e 4Dr /2  - 2D f t 4~-fl2 d~ dy. (3.8) 
We note from (3.5) that IBVP1 with initial condition g(x) = 0 given at to --- 0 has solution 
~0 tci(x, t) -- -2D e vx /2D- (A+v2/4D) t  kx(x, D(t - v)) e (A+v~/4D)r f(T) dT 
/°° x -2 (A+u~I4D)x2 ( X 2 ) 
= V f~2 eVx/2D ~ e - " -  4D'~ f t 4~-r/2 dr. (3.9) 
Clearly, ci(x, t) is not periodic in time, but for large t one expects ci(x, t) to approach a periodic 
function. In fact, if cp(x,t) denotes the solution to the pure BVP1, then (3.8) and (3.9) show 
that 
Cp(X,t) - c i (x , t )  = -~e vx/2D e -v - 49"  2 f t d~. 
J0 4D~/2 
If we denote M = max If], then 
x 
I cp (Z , t ) -c i (x , t ) l<_ - -~e ~x/2D - <_0 e "x/:D , as t -~oo ,  
which shows how the solution of IBVP1 approaches the solution to the pure BVP1. 
4. FOURIER REPRESENTATIONS 
The periodic BVP1 in the special case that f ( t )  = exp(iwt) and A = 0 has been discussed in 
the literature (see [7] and the references therein). But a normal mode analysis gives rise to an 
eigenfunction expansion for the solution for arbitrary periodic boundary conditions for the CDE 
with decay (A ~ 0). Equation (2.3) clearly admits a solution of the form 
c = e ax+i(f~x+~t), (4.1) 
where the real numbers a and/3 are to be determined. Substituting (4.1) into (2.3) yields 
v . A + iw 
(a + i~)2 _ ~(a  + Z/3) D - 0.  (4 .2 )  
The roots are 
where 
V 
a + ij3 = ~-~ ~: # ± ip, (4.3) 
/ 
j v/¢~ + ¢2 + ¢ 
# 
V 2 P= 2 ' ¢=D'  ¢ - -4 - '~+D"  
(4.4) 
To ensure boundedness of the solution, we take the negative sign on the roots, and thus 
= ~/2D - ~ ,  ~ = -p ,  (4.5) 
ANt O;J-[ 
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giving the complex-valued solution 
C(X, t) = e (t'/2D-g)x ei(wt-px). (4.6) 
The amplitude decays with distance and the phase px depends on the temporal frequency w of 
the input as well as the three physical parameters D, v, and A. The actual shift is phase is px/w. 
It is clear that the same calculation can be performed with f(t)  = exp(iwnt), wn = 2nTr/T to 
obtain a solution of BVP1 given by 
Cn(X, t) = e (vl2D-ttn)z ei(w=t-p~z), n > O, (4.7) 
where #n and Pn are given in formulae (4.4) with w replaced by wn. These solutions may be 
superimposed to give the next proposition. 
PROPOSITION 4. Consider the BVP1 where f is T-periodic and has Fourier representation 
Xfo f(t)  = ~ane iw~t, an = -~ f(t)e- iw"tdt.  (4.8) 
Then the solution to BVP1 is given by 
c(x,t) = Z anCn(x,t) + Z a-nCn(x,t), (4.9) 
n=O n=l  
where cn(x,t) is defined by (4,7). 
BVP2 may be treated in a similar manner by assuming solutions to equation (2.3) of the 
form c = ¢(x)exp(iwt). Omitting the details, this leads to a bounded solution to BVP2 with 
f (t)  = exp(iwt) of the form 
c(x, t) = v e (È/2D-o)x e i(~t-pz-~), (4.10) 
X/(v - aD) 2 + p2D2 
where "y = arctan(p/(# + v/2D)), and where a, #, and p are defined in (4.4) and (4.5). Thus, 
the solution to the CDE with the flux boundary condition leads to an amplitude factor and an 
additional, constant phase shift not present for the type-one boundary condition in BVP1. For 
arbitrary, periodic f(t)  the solution to BVP2 can be found by superimposing the Fourier modes. 
We record the result in the next proposition. 
PROPOSITION 5. Consider BVP2 where f(t) is T-periodic and has Fourier representation given 
by (4.8). Then the bounded solution to BVP2 is given by (4.9) where Cn(X, t) is given by 
cn(x, t) = An e (~/2D-~')z e i(~~t-n~z-~'~), n _> 0, 
where Wn = 2n~r/T, where 
A n 
/Y 
X/(v - an D) 2 + p2 D 2' 
Pn 
and where/zn, pn, and an are given by (4.4) and (4.5) with w replaced by wn. 
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